The main results of this article are (I) Let B be a homogeneous Banach algebra, A a closed subalgebra of B, and / the largest closed ideal of B contained in A. We assert that P{A) B = l + J B for some closed subalgebra J of B. Furthermore, under suitable conditions, we show that A is an R-subalgebra if and only if J is an Rsubalgebra. A number of concrete closed subalgebras of a homogeneous Banach algebra therefore are R-subalgebras-For the definition of P(A) and that of an R-subalgebra, see the introduction in Section 1. (II) We give sufficient and necessary conditions for a closed subalgebra of B (G), 1 < p < oo, to be an J?-subalgebra. 
Introduction
Throughout this article, let G be an infinite compact abelian group with character group T and Tthe circle group. Rudin (1962) , Chapter 9, began to investigate the structure of closed subalgebras of L\G) by a synthesis method, called Rudin synthesis or simply R-synthesis. As a matter of fact, Rudin's synthesis method can be applied to homogeneous Banach algebras.
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homogeneous Banach algebra B(G) is called a Segal algebra if B(G) is dense in (L'(G), || • H,). For properties of homogeneous Banach algebras, see
A closed subalgebra A of a homogeneous Banach algebra B(G) induces an equivalence relation ~ on F where y, ~ y 2 if and only if/O^) =/(y 2 ) f°r all/in A. Denote the equivalence classes by (A a ) called the Rudin classes (or simply, the Rclasses) induced by A. By the Riemann-Lebesgue lemma, each A x is finite except possibly for A o where A o = {yeT :f(y) = 0, V / e / 1 } . Let P(A) be the subalgebra generated by the trigonometric polynomials P x , a # 0, such that P a = x A ,, the characteristic function of A a , and A*™ = {feB(G): /(A o ) = 0, / ( A J = constant, a * 0}. Rudin (1962) , Chapter 9, proved that PjA) B and A B(G) are the minimal and the maximal closed subalgebra of B(G) inducing the same R-classes (AJ. DEFINITION 
A closed subalgebra A of a homogeneous Banach algebra B(G) is called an K-subalgebra if P(A)
B = A = A mG) or equivalently, if each/eB(G) with /(A o ) = 0, / = constant on A a , a # 0, can be approximated by trigonometric polynomials P such that P are constant on A a , a # 0. We say that Rudin synthesis (or simply, /^-synthesis) holds for B(G) if every closed subalgebra of B(G) is an Rsubalgebra. Otherwise we say that Rudin synthesis fails for B(G). Kahane (1965) and Rider(1969) proved that R-synthesis fails for L\T) and LP(T), 1 < p < 2, respectively. Tseng-Wang (1975) proved that, for the ,4 p (T)-algebras, Rsynthesis holds for 1 < p < 2 and fails for 2 < p < oo. In this article, we study Rsynthesis of homogeneous Banach algebras through their largest closed ideals. For a closed subalgebra A of a homogeneous Banach algebra B(G), we first assert that P(A) B = I + J B where / is the largest closed ideal of B(G) contained in A and J a closed subalgebra of B(G). Various characterizations of / are given. A number of concrete closed subalgebras of homogeneous Banach algebras therefore are Rsubalgebras. Stimulated by the ideas of Friedberg (1970) , we give sufficient and necessary conditions for a closed subalgebra A of L"(G), 1 < p < oo, to be an Rsubalgebra. Finally, we give a simple and different proof of Edward's result: Rsynthesis holds for L 2 (T).
Rudin synthesis for homogeneous Banach algebras
Let {/J be the family of all ideals of B(G) contained in the closed subalgebra A, £1,, the ideal of all finite sums/, +. Wang (1977) ). For geS(G), heH, 0 = </j*g,fi} since H Ifi and h*geH
LEMMA 2.3. Let C(G) be the Segal algebra of all complex-valued continuous functions on G and S(G) a Segal algebra containing C{G), H a closed ideal ofS(G). For any n in the dual S(G)* ofS(G), we have h 1 nfor all he H if and only ifh*n = Ofor all heH.

PROOF. Since C{G)* = M(G), S(G)* c M(G). Recall that M(G)*S(G) = S(G) (see
Thus h * \i = 0 for all h e H. Conversely, suppose that h * fi = 0 for all h e H. Let (K n ) be an approximate identity. For heH,v/e have 0 = <K n , h */x> = <X n * h, fi}. Since || K n * h -h ||, -> 0, we have </J, fi} = 0. This completes the proof. PROOF. By a well-known result of Cohen (see Rudin (1962) , 3.1.3), there exists H e M{G) with /i = Xzuy For / e A mG)
For H <= S(G), K c S(G)* and fieS(G)*, define
H 1 = {<peS(G)*: <h,(p} = 0 VheH}, KS(G) contained in {n} L . THEOREM 2.4
. Let S(G) be a Segal algebra containing C(G), A a closed subalgebra of S(G) and I the largest closed ideal ofS(G) contained in
, we have / -/ * n e B and ( / -/ * n) \ Z(I) = 0. PROOF. The proof is along the lines of Edwards (1967) (IV) Suppose that Jt\ ^ ^2 . Take y in ^2 \ Jt u then x(Cy) = {0}. Since Cy and {0} induce different R-classes, k cannot preserve the R-classes. Conversely, if Jt^ = J( 2 then P(5!)^P(B 2 ) and£(C n B^ = P(C n B 2 ) = P(C) for all C in ,^2. Thus P f C n B , ) " ' = PJC) where p~l +q~l = 1, and F o = A o . Let F be the closed linear subspace of L"(G) generated by | J a F x . We call F the Friedberg space of A. Note that supp q> c Z(7) for all <p in F and F a = {0}, a ^ 0, whenever A x is a singleton. Hence <<p,p> = 0. Therefore <<p,/>=0 for / in P(I) L '. Therefore Therefore A u = PIT) 1 -'. Thus /I is an K-subalgebra of L"(G).
